We show that spinor fields nonminimally coupled to gravity can grow spontaneously in the presence of matter. We name this phenomenon spontaneous spinorization after the spontaneous scalarization scenario in scalar-tensor theories. Underlying reason for the growth of the spinor is an instability similar to the tachyon of spontaneous scalarization. We first present the structure of a tachyonic Dirac equation, and incorporate it into the matter coupling in gravity. This causes the zero-spinor solution to be unstable and leads to spontaneous growth. We investigate the behaviour of the resulting theory for a spherically symmetric neutron star that has grown a spinor cloud. Spontaneous spinorization has the potential to lead to order-of-unity deviations from general relativity in strong fields in a similar manner to its close relative spontaneous scalarization. This makes the theory especially relevant to gravitational wave science and neutron star astrophysics.
I. INTRODUCTION
Searches for deviations from general relativity (GR) has gained momentum with our recently improved ability to probe strong and dynamical gravitational fields [1] [2] [3] . One scenario that has seen considerable interest in alternative theories of gravitation is the spontaneous scalarization phenomena in scalar-tensor theories [4] . Gravity is governed by a scalar field φ in addition to the metric tensor in scalar-tensor theories, and for certain couplings the φ = 0 solution corresponding to GR becomes unstable in the presence of neutron stars (NSs). Small perturbations of φ exponentially grow, and reach a stable configuration of a scalar cloud around the star. The amplitude of the scalar dies off with distance from the star, ensuring all known weak field tests that confirm GR are satisfied. On the other hand the field values and the deviations from GR near the NS can be non-perturbative, i.e. oder-of-unity. Hence, spontaneous scalarization can be investigated in the near future using gravitation wave observations even considering their limited precision [3, 5] . This prospect is the central motivation to study spontaneous growth phenomena in strong gravitational fields.
The initial exponential growth of the scalar is known to be due to a tachyonic instability that is restricted to exist inside the NS. These anomalous modes are eventually shut off as the field grows, leading to a finite and stable field configuration, i.e. the instability is regularized.
One should note that there is nothing specific to the nature of scalar fields in the mechanism above. For example, a similar instability can be easily shown to exist for vector fields if the vector field coupling to matter is similar to that of a spontaneously growing scalar [6] . Moreover, spontaneous growth also exists for instabilities other than tachyons, such as ghosts [7] . Hence, the essence of the spontaneous growth is not in the tachyon or the scalar field, but in a generic local instability that eventually shuts off due to nonlinear terms when the fields grow large enough. We call such modes regularized instabilities.
In this study, we will apply the idea of spontaneous growth through regularized instabilities to classical spinor fields, and obtain a theory of spontaneous spinorization. 1 We show that spinors, or more concretely Dirac bi-spinors, nonminimally coupled to matter lead to spontaneous growth in the presence of matter. This is a natural generalization of spontaneous scalarization to other fields. However, spinors have some fundamental differences from scalars and vectors. First, Lorentz transformation of spinors and their covariant derivatives in curved spacetime are different from tensors. Second, spinor Lagrangian and equation of motion (EOM) contain at most first order derivative terms as opposed to the second order terms in common tensorial field theories. This makes the nature of a spinor tachyon or ghost elusive at a first look, and consequently it is not clear how to incite an instability for a spinor. Despite these differences, and after more involved mathematical machinery compared to tensors, we show that instabilities cause spontaneous growth for spinors as well.
Studying spinors is natural in relation to particle theory since many of the elementary particles in the Standard Model are fermions that are represented by spinors. However, we should make it clear that in the bulk of the following study we work with strictly classical spinors which obey the Dirac equation, but are not quantized. Hence we will not call them fermions. Even though our classical spinors and fermions obey similar equations arising from similar Lagrangians, quantization imposes Pauli exclusion on fermions. Hence, the fermion occupation number has to be unity. This cannot be the case in a theory of spontaneously growing spinors around NSs since the amplitude of the spinor fields cannot be arbitrarily scaled unlike particle-like solutions of self-gravitating spinors, Dirac stars, in GR [8, 9] . We will explain this issue in more detail, and comment on systems where there is a possibility of spontaneous fermionization where oc-cupation number is unity.
This study is essentially self contained, summarizing the basic background ideas leading to spontaneous spinorization. Sec. II provides an overview of spontaneous scalarization, its underlying physics, and its generalization to other fields and instabilities. Sec. III explains how to obtain a "tachyonic" spinor in flat time and how to generalize it to curved spacetime. It then contains the heart of the paper where we construct the Lagrangian for a spontaneous spinorization theory, derive the corresponding EOMs, and show that the spinors indeed grow exponentially from arbitrarily small perturbations. Sec. IV investigates the astrophysically important case of static spherically symmetric spinors around nonrotating NSs, and presents important qualitative properties of spinorized NSs. Sec. V contains our discussion of the results and future research directions. We give supporting information for the conventions we use in our calculations in the appendices.
II. OVERVIEW OF SPONTANEOUS GROWTH THROUGH REGULARIZED INSTABILITIES
Our exposition in this section closely follows [7] and [10] . which have more detailed expositions. The prototypical example of spontaneous growth under gravity is spontaneous scalarization [4] 
where g µν is the metric, φ is a real scalar field, m φ is the coupling parameter for the mass potential and dV = d 4 x √ −g. S m is the matter action, and f m represents any matter degrees of freedom. This theory is not merely a scalar field living under GR, but is an alternative theory due to the nonminimal coupling in S m . Instead of g µν , matter interacts with the conformally scaled metric g µν = A 2 (φ)g µν which determines the so called Jordan frame according to which any physical experiments are realized. All quantities in this frame will be denoted using tildes to distinguish them from those in the Einstein frame, the frame associated with the metric g µν Spontaneous scalarization occurs when the scaling function has a form similar to A(φ) = e βφ 2 /2 , more specifically when it has a Taylor expansion A(φ) = 1+βφ 2 +. . .. The effect of this can be most readily seen in the EOM for the scalar
whereT is the trace of the stress-energy tensor in the Jordan frame, i.e. with respect tog µν . The first line is exact, and the second line is the linearization around 2 This means low k Fourier modes will have exponential growth instead of oscillation in time. Such a field is called a tachyon. Even though φ = 0 is a solution that represents GR, any deviation from it quickly leads to even further deviation in terms of a growing φ field. This instability is the reason for the adjective "spontaneous" in this scalarization phenomenon.
An indefinitely growing field is an undesired feature in a physical theory, and this is not the behavior in spontaneous scalarization. Once the field grows large enough, the linearized EOM is no longer valid. In the first line of Eq. 2, one can clearly see that the modification to the mass is also killed by A 4 factor for large φ and β < 0. Hence, the growth of φ saturates at a certain value depending onT , leading to a stable scalar field cloud. This process can be interpreted as the decay of an unstable vacuum (φ = 0) to a stable one (final scalar cloud).
From an astrophysical perspective, it can be easily shown that the natural choice where β is order of unity leads to scalarization of NSs, but not less compact stars. All numerical work confirms that the scalar clouds are stable and attain large amplitudes leading to nonperturbative deviations from GR. On the other hand, the field dies off away from the star which provides agreement with known weak-field tests of gravity. These features have made spontaneous scalarization a popular alternative theory of gravitation in the age of gravitational wave astronomy where strong gravitational fields near NSs can be probed.
The message so far is clear: spontaneous growth can be achieved by an instability. We can obtain a physically meaningful theory with large deviations from GR if the growth is eventually stopped by higher order terms, and such an instability is said to be regularized. The case we have examined is that of a tachyonic instability of a scalar field, but there is nothing special about the nature of the instability, the tachyon, or the field that carries it, the scalar. Thus, the same mechanism can be used to construct many other alternative theories of gravitation.
We first start with an investigation of non-tachyonic instabilities. It has been recently shown that a ghost instability where the kinetic term instead of the potential (mass) term has the "wrong" sign in the Lagrangian or the EOM also causes spontaneous growth. Consider the action [7] 
which leads to the EOM (−4πA
for A ∂ (η) = e β ∂ η/2 . The coefficient of the wave operator is reversed for large and negative β ∂ similar to the reversal of the mass squared term in the tachyonic case. We can move the negative sign to the left hand side of Eq. 4 and obtain a tachyonic EOM
Consequently, many of the conclusions are similar to the theory of Eq. 1. To distinguish these two forms of spontaneous scalarization from each other, we call the theory in Eq. 1 tachyon-based spontaneous scalarization, and Eq. 3 ghost-based spontaneous scalarization. We should note that the instability is confined within the NSs in both tachyon-and ghost-based scalarization, and φ behaves as a usual massive Klein-Gordon field outside sinceT vanishes. This means −4πA 4 ∂ β ∂T + 1 = 0 is satisfied somewhere inside the NS. This condition means an infinite effective mass for the ghost, and an infinite second derivative as a result. It is known that physical quantities are still finite, but the structure of NSs scalarized this way are radically different from the case of tachyon-based scalarization [7] . This difference is one way to see that the ghost instability is not merely a copy of the tachyon in different variables.
We mentioned that the field that carries the regularized instability is not critical either. This can be easily seen by replacing the scalar with a vector X µ in Eq. 1
where
. This theory of tachyon-based spontaneous vectorization behaves very similarly to the scalar field case. Furthermore, one can also construct a ghost-based spontaneous vectorization in a straightforward manner [7] .
Generalizing spontaneous growth to other fields is at the center of our discussion in the next section, since we want a spinor rather than a scalar to spontaneously grow. Our discussion on different types of instabilities, i.e. tachyon versus ghost, might look tangential at first, however, we will see that it is also of major relevance for spontaneous spinorization theories.
III. SPONTANEOUS SPINORIZATION
There are various conventions in use for Dirac equation and its generalization to curved spacetime which is a source of confusion. We will clearly state all our sign choices throughout the paper, but we also provide a guideline for comparison to some other conventions in the literature in App. A
A. Tachyonic Dirac Equation in Flat Spacetime
The equation of motion for a Dirac spinor ψ of mass m in flat spacetime with (−, +, +, +) metric signature is given byγ
which arises from the Lagrangian
ψ is the spinor, or more accurately bi-spinor, with 4 complex components,γ µ are 4 × 4 complex matrices that satisfy the Clifford algebra
We use the Dirac representation of the gamma matrices adapted to our metric signaturê
where k = 1, 2, 3 and σ k are the 2×2 Pauli matrices. Note that these definitions are slightly different by factors of i from many sources in the high energy literature due to the mostly positive metric convention we adopt. We will also need
where˜ abcd is the Levi-Civita symbol. Simple algebra shows
The first order nature of the Dirac differential equation poses an immediate threat for our methods in the previous section. For scalars and vectors (i.e. tensors), only the square of the mass appeared in the EOMs and the Lagrangians. Thus, an imaginary mass, a tachyon, could be obtained by having a negative value for the mass-square which still led to a real Lagrangian and real coefficients in the differential equations. However, m directly appears in Eq. 7, and changing its sign does not lead to a tachyon. This can be easily seen for a plane wave
which leads to the usual, non-tachyonic, dispersion relation for either sign of m. Changing the sign of the derivative term in the hope of obtaining a ghost does not work either, since this is equivalent to changing the sign of m.
Using an outright imaginary mass term leads to an imaginary Lagrangian we want to avoid. However, it is still possible to have a tachyonic dispersion relation by taking advantage of the fact that the Dirac spinors are multicomponent objects [11, 12] . Namely, we need to act with a multidimensional factor on the mass term that somehow has the effect of i. This can be achieved by
A similar procedure to Eq. 12 results in
which would lead to exponential growth rather than oscillation in time when k i k i < m 2 as desired. We call this the tachyonic Dirac equation, and it arises from the Lagrangian density
One might be tempted to modify the mass term in Eq. 15 instead of the derivative term, that isψψ →ψγ 5 ψ, which seems to be a much simpler choice. However, even though this leads to the tachyonic Dirac equation Eq. 13, it provides an inconsistent EOM forψ [12] . Moreover, the Lagrangian is not real for such a term unlike Eq. 15 which is manifestly Hermitian. This fact becomes important in our subsequent discussion.
B. Tachyonic Dirac Equation in Curved Spacetime
Dirac equation in curved spacetime can be found in many standard sources [13] [14] [15] , but our specific conventions are closest to those of [16] (also see App. A). The standard, non-tachyonic, Dirac equation in a spacetime with metric g µν is
where γ µ are variable matrices on the spacetime manifold satisfying {γ µ , γ ν } = 2g µν , and the action of the covariant derivative on a spinor is
Γ µ are the spin connections which can be obtained from the tetrad e a µ , a = 0, 1, 2, 3 satisfying e a µ e b ν η ab = g µν as
Greek indices correspond to curved space and Latin indices to the flat space, and they are raised and lowered with their associated metric. For example, ∇ µ e aν is calculated by treating e aν as a tensor in curved space with a single lower index ν. This framework provides an explicit representation for the gamma matrices
Eq. 16 is a result of the Lagrangian density
whereψ ≡ −iψ †γ0 . Note that we still use the constant matrixγ 0 , not γ 0 . Inspired by the flat space example, the Lagrangian density
leads to the tachyonic Dirac equation in curved spacetime
We still use the flat spacetime matrixγ 5 since
where µνρσ is the antisymmetric tensor with the proper factor of |g|.γ 5 factors in the Lagrangian have to be in the "kinetic" term to have a consistent EOM forψ, the same way as the flat space case.
C. Spontaneous Spinorization Through Conformal
Scaling of the Metric Following Eq. 1 and 3, we can expect to have a spontaneously growing spinor arising from the action
for an appropriate functional A ψ of ψ and the metric. As usual, we will defineg µν ≡ A 2 ψ g µν and call it the Jordan frame metric for the lack of a better name.
For spontaneous scalarization, the conformal scaling function A always had a form similar to the part of the Lagrangian whose sign we wanted to change, i.e. φ 2 for tachyon-based scalarization and the kinetic term ∂ µ φ∂ µ φ for the ghost-based one. This is natural, since when we vary the action with respect to the scalar, the variation of A introduces the desired terms in the EOM, albeit with a "wrong" sign. Since we want a "tachyonic" term arising from the variation of A ψ with respect to ψ, the sought-after function is
where L
5,K ψ
is the derivative piece of the tachyonic Lagrangian Eq. 21, and β ψ is a real constant. Remember that the definition ofψ ensures that L 5,K ψ and A ψ are real, hence we have a physically meaningful conformal scaling term for a metric. A ψ does not have to be an exact exponential. Any functional that is 1 for ψ = 0 and linear in L 5,K ψ behaves similarly. Eq. 24 and 25 lead to the modified Einstein equation
and the modified Dirac equation
T µν andT µν are the stress-energy tensors corresponding to S m with respect to the Einstein and Jordan frame metrics respectively. They are related through
and
The stress-energy tensor for L ψ is given by 3 To be more precise, one should replace the metric variation to tetrad variation through
( ) indicating the symmetric part of an object. The less familiar rightmost expression is the g µν L ψ term which vanishes in the usual Dirac Lagrangian due to the EOM, but survives in our case because of the tachyonic modifications.
Eq. 27 looks similar to Eq. 4 of ghost-based(rather than tachyon-based) spontaneous scalarization at first sight, but there are differences in the behavior of the two differential equations. The coefficient of the highest derivative term g φ contains only lower derivative terms in Eq. 4, hence the differential equation is explicit. On the other hand, since A ψ itself is a nontrivial function of the highest derivative term ∂ µ ψ as in Eq. 25, Eq. 27 is an implicit differential equation in this form, which is harder to solve in general. However, we can use Eq. 27 to eliminate the
This is an implicit algebraic expression, and in principle we can solve it to obtain A ψ (equivalently ζ ψ ) purely as a function of ψ, not its derivatives, and other nonderivative variables (such asT ). This way, Eq. 27 becomes an explicit differential equation. We will view A ψ and ζ ψ this way from this point on.
Despite the complexity of Eq. 27, we can investigate the behavior of small perturbations around ψ = 0 (GR) relatively easily by keeping the leading terms in Eq. 27. When |β ψ | is large enough the I term acts as a small correction, and this equation behaves as the tachyonic spinor in Eq. 22 with an effective mass m/(4πβ ψT ). 4 We can see this more directly through a dispersion analysis similar to that of Eq. 14
Again, the last term in the second line is subleading when |ζ ψ | is large enough, hence there are modes that have imaginary energy. Low | k| Fourier modes grow exponentially which is the hallmark of the instability and spontaneous growth familiar from scalars and vectors. In short, the action in Eq. 24 provides a theory of spontaneous spinorization. Unlike the scalar case, the sign of β ψ is not important for this growth to occur. Eq. 27 is reminiscent of a ghost-based instability even though we have called Eq. 21 the tachyonic Dirac equation following the literature. Particularly, (1−ζ 2 ψ ) −1 term may diverge the same way as Eq. 4. We will discuss this further in the spinorization of NSs. We will not use any further specifications such as tachyon-based or ghost-based for spinorization, because there is only one type of spontaneous spinorization unlike the tensors. Modifying the mass term in the Lagrangian, ψψ →ψγ 5 ψ, could provide another form of spontaneous growth, but it leads to inconsistent EOMs and complex scaling functions A ψ as we mentioned before.
Once the instability of the GR solution is established, the second task is the investigation of the regularization of this instability. For example, the unstable nature of a field vanishes if the conformal factor attains smaller values as the field grows, and modes are not unstable any more. This is the case for tachyon-based spontaneous scalarization: when β < 0 the exponent in A = e βφ 2 /2 is negative definite. The situation is more complicated for a spinor since L
is not positive or negative definite in either of its two forms Eq. 25 or 32. Hence it is not clear a growing field or a nonzero stationary spinor solution would necessarily lead to a decreasing A ψ , shutting off the instability. However we should note that the case is not clear for ghost-based spontaneous scalarization or tachyon-based spontaneous vectorization either, where the arguments of A ∂ and A X are not negative definite either. However, numerical solutions have shown that there are indeed non-trivial solutions of NS with field clouds around them in both cases, even though their stability is not known yet [6, 7] . This supports the idea that spinor clouds also forms around NSs, but a satisfactory answer is only possible with detailed numerical studies.
IV. SPONTANEOUS SPINORIZATION OF NEUTRON STARS
Astrophysical relevance of spontaneous growth theories are most clearly evident in NSs that carry largeamplitude field clouds around them [10] . The simplest case is the static, spherically symmetric metric
of a NS composed of a perfect fluid obeying
whereρ,p andũ are the density, pressure and fourvelocity of the fluid in the Jordan frame.μ = 2µ(r)/r where µ is a position dependent mass function for the NS.
The stress-energy tensor of a single Dirac spinor in Eq. 31 necessarily violates spherical symmetry. This can be overcome by having two spinors ψ a=1,2 of the same mass in a "singlet" state [8] , both of which nonminimally couple through the conformal scaling as
which leads to the generalizations of Eq. 26 and 27
Here
Spherically symmetric configurations of spinors in general relativity was investigated in [8] . We will closely follow their treatment and modify it for the conformal scaling of the matter metric when necessary. See App. B for some supporting notes for our calculations.
The most general form of two spinors a = 1, 2 consistent with spherical symmetry is
• χ 1 = 1 0 , χ 2 = 0 1 is the standard basis for two-component spinors.
• σ r = σ 1 cos θ + σ 2 sin θ cos φ + σ 3 sin θ sin φ.
• u 1,2 and v 1,2 are complex functions of r.
Using the alternative variables Φ ± 1.2 defined as
simplifies many computations. The Dirac equation reduces to two vector equations
where is the radial derivative and
The total stress-energy tensor of the two spinors is diagonal
T Ψ,5 from Eq. 29 is also diagonal ensuring consistency with our metric ansatz
Combining all these results, Eq. 36 reduces to TolmanOppenheimer-Volkoff-like set of ordinary differential equations
rr )
This system of equations are closed by the equation of state (EOS) of the NS matterρ(p), functions A Ψ (Φ ± ,p, r), ζ Ψ (Φ ± ,p, r) implicitly defined in Eq. 40, and Φ ± based expressions T Ψ and T Ψ,5 in Eq. 41 and 42. Note that thep equation is an implicit differential equation since the derivative of ζ Ψ on the right hand side containsp through theT term, butp can be solved for any given {μ, ν, Φ ± ,p} through Eq. 43 and 40.
Φ ± diverges at r = 0, and the regular solution is
where ζ Ψ,0 = ζ Ψ (r = 0) and C ± are constants. The overall phase of Φ ± 1,2 can be adjusted, and one of C ± can be assumed to be real without loss of generality. On the other hand as r → ∞
where the matrix has eigenvalues ±m. Thus, Φ ± has two asymptotic modes, one growing and one decaying exponentially towards spatial infinity. The physical solution is the one that has no contribution from the growing mode.
The numerical recipe to obtain spinorized NS solutions is clear: for initial valuesμ(0) = 0, ν(0) = 0,p(0) =p c , find C ± such that Φ ± are purely asymptotically decaying when Eq. 43 are integrated outwards from r = 0. This is very similar to the strategy for spontaneous scalarization [10] . We basically use the shooting method to find the sought after initial conditions (C ± ), but we need to search in a space of one real and one complex variable rather than a single real one. Generically, there is an infinite but discrete set of C ± values that lead to physical solutions, but among these only the lowest one that typically correspond to Φ ± with no nodes is stable [10] . The construction of the physical solutions to Eq. 43 clearly shows that once an EOS and central densitỹ ρ(r = 0) is picked, there is at most one, or possibly a few stable spinorized NS solutions. In other words, a given NS structure completely determines Φ ± , very similarly to scalarized stars. This means we have no freedom to normalize Φ ± so that the occupation number for each spinor is one. Thus, for the sake of astrophysical relevance, we should insist on interpreting our spinor fields as purely classical objects not subject to Pauli exclusion. This is in stark contrast to Dirac stars, self gravitating stable spinor systems analogous to boson stars, where any solution can be scaled in field amplitude and length [8, 9] . Hence, one can adjust the field amplitude to make sure that the occupation number is unity in these systems, and the spinors can be thought to represent fermions. We will discuss potential relevance of Dirac stars in the final section.
We will not attempt to solve Eq. 43 in this study, however some points are clear without the explicit construction of a spinorized NS. First of all, the derivative of the Φ ± terms diverge when ζ Ψ = ±1. This is not a mere mathematical curiosity: ζ Ψ = 0 outside the NS, and it has to attain values |ζ Ψ | > 1 inside it if there is spontaneous growth. This means ζ Ψ = ±1 is indeed achieved at some radius r inside any NS that spinorizes. This is not a surprise, a very similar phenomenon occurs for ghostbased spontaneous scalarization [7] . Φ ± are most likely continuous despite the divergence, but they have cusps of the form C 1 + C 2 |r − r | n near r with 0 < n < 1 and C 1 , C 2 constants. This was suggested by the form of the TOV-like equations for ghost-based scalarization, and numerically confirmed [7] .
At a more fundamental level, even though we demonstrated spontaneous growth, we do not know the endpoint of such growth without constructing NS solutions, and evolving them. Investigations on these lines is in our research agenda. As a consequence of the cusps in the solutions, we expect the structure of spontaneously spinorized NSs to be radically different from those of GR.
We should also mention that we do not see any natural scale for β ψ aside from the Planck scale. This means it might be possible that stars less compact than NSs can also spontaneously spinorize in some parts of the β ψ − m parameter space. This would not change any of our equations in this section, we only need to use the appropriate EOSρ(p). However, the astrophysical implications can be radically different which we will not attempt to explore here.
V. DISCUSSION
We constructed a theory of spontaneously growing spinors inspired by spontaneous scalarization and the general framework of regularized instabilities. Despite differences between their mathematical structures, the usual recipe for scalars and vectors also works on spinors, leading to spontaneous spinorization. Mathematical details are more laborious, and a pure tachyonic spinor is quite different from a tachyonic tensor, but the essence of the spontaneous spinorization mechanism is still an instability as described in Sec. II showing their universal power beyond tensor fields.
We also investigated the spinorization of a non-rotating NS as an important astrophysical example, and showed that this phenomena is qualitatively quite similar to ghost-based spontaneous scalarization. For example, if spinorized NSs are stable, which we think is the likely case, they necessarily have a cusp-like structure in their density profiles which probably leads to strong observable signals. Hence, we expect the β ψ − m parameter space of spontaneous spinorization to be quickly restrained by NS observations which are increasing in number [17] . Gravitational wave signals from mergers of spinorized NSs are likely to provide clear differences from those in GR. Moreover, radical differences in star structure might even be observable for isolated stars or stars in binaries far from mergers [18] We have seen that the lack of a scaling symmetry in spontaneously spinorizing NSs necessitates to interpret our spinors as classical objects, possibly aside from some inconsequential solutions which accidentally have unit occupation. However, a scaling is more natural for exotic objects such as boson stars [9] . If a boson star is spontaneously spinorized, it is possible to scale the whole system to make the occupation number of each spinor exactly 1, and interpret the spinor cloud as a fermion at least in some effective sense. However, when the occupation number of the spinor is 1, the mass of the spinor cloud is within the order of magnitude of the mass of the spinor m [9] , hence such objects might be more aptly considered as particles rather than stars. Such systems where bosons and fermions are naturally associated might be interesting from the point of view of particle physics. Spinors are essential in describing the universe and its contents. In this work, we have shown that spontaneous growth ideas can be generalized to spinor fields. This demonstrates the universal power of regularized instabilities to cause spontaneous growth in the whole spectrum of field theories, and specifically beyond tensors. Our future work will concentrate on establishing the relevance of spontaneous spinorization and other spontaneously growing fields to astrophysical observations. the i intoγ µ , resulting in a Dirac equation with no explicit factor of i as in Eq. 7.
Another issue of importance is the definition ofψ that is used in the construction of the Lagrangian and the stress-energy tensor. Commonly,ψ ≡ ψ † γ A where γ A is a Hermitizing matrix which ensures that certain physical quantities are real. Typically, γ A =γ 0 in the (+, −, −, −) signature, but this does not mean γ A =γ 0 in the (−, +, +, +) signature. The same matrix still has the role of Hermitization, hence we use γ A = −iγ 0 in our convention. This way, there are also no factors of i in the Lagrangian density of the stress-energy tensors. Some authors choose γ A = ±γ 0 , but they also have explicit factors of i to ensure the reality of the Lagrangian and the stress-energy tensor [9] .
Difference in metric signature also brings factors of −1 to various formulae we have, such as T Ψ , compared to FSY, but these are relatively easy to track.
